In this paper some extensions of Hardy's integral inequalities to 0 < p ≤ 1 are established.
Introduction Let
Hf ( The Hardy integral inequality can be stated as (see [3] ):
unless f ≡ 0. The inequality (1) was firstly proved by Hardy [4] , but the constant was not determined; and Landau found out precisely the constant is p ′p in [7] ; later, Hardy [5] generalized it to the inequality (2) himself. However, if 0 < p < 1, the reverse direction inequalities hold (see [3] ):
unless f ≡ 0. The constants in (1), (2) , (3) and (4) are the best possible. The positive direction inequalities (1) and (2) play an important role in many areas such as harmonic analysis [12] , PDE [8] , etc. In view of this, much efforts and time have been devoted to their improvement and generalizations over the years.
When p > 1, many generalizations include the works in numerous papers, for example, [3, 11, 6] and some of the references cited therein.
When p = 1, in view of the theory of Hardy spaces on R n established by Coifman and Weiss in [1] and some others, J. Garcia-Cuerva and J. L. Rubio de Francia extended (1) to Hardy spaces, and established a positive direction inequality of Hardy type for
where
is the atom Hardy spaces. See [2] . In this paper we extend the positive direction inequalities (1), (2) and (5) to 0 < p ≤ 1, as well as establish some estimates of H and H * from Hardy type spaces to Hardy type spaces.
Let us introduce some definitions of the Hardy type spaces. Definition 1 Let 0 < p ≤ 1 ≤ q ≤ ∞, p < q and s ∈ N and w ≥ 0 is a weight function on
and a(x) is said to be a L − (p, q, s) w -atom , if it is a (p, q, s) w -atom and satisfies (iv) R + a(x)lnxdx = 0. Definition 2 Let p, q, s and w as in Definition 1. Some Hardy spaces on R + are defined by H p,q,s w 
respectively, where the infimum is taken over all the decompositions of f as above. [1] , and A.Marcias and C. Segovia [9, 10] .
Throughout this paper, we denote p ′ = p/(p − 1) for 1 < p < ∞, ∞ ′ = 1, and 1 ′ = ∞, and suppose all functions are not identical to zero. We extend (1) and (5) to the case of 0 < p ≤ 1:
We extend (2) as well:
We also extend these results to the estimates of H and H * from Hardy type spaces to Hardy type spaces.
Proof of Theorems
Firstly, let us introduce two inequalities. By Minkowski inequalities [3] , it is easy to see that
when x 1 > x 0 > 0 and p > 0, and
when x 1 > x 0 > 0 and 1 > p > 0. Proof of Theorem 1 It suffices to prove the following propositions.
for all (p, q, 0)-atom a on R + . Let F H p,q,0 (R + ) be the set of all finite linear combination of (p, q, 0)-atoms. From Proposition 1 it is easy to get that Proposition 2 Let 0 < p ≤ 1 ≤ q ≤ ∞ and p < q. Then (6) holds for f in F H p,q,0 (R + ). Proposition 3 Let 0 < p ≤ 1 ≤ q ≤ ∞ and p < q. Then
, where each a k is a (p, q, 0)-atom and
In fact, once Proposition 1 and Proposition 3 have been proved, then, for
(by Minkowski inequality)
From this, (6) follows easily. Thus, we finish the proof of Theorem 1.
Let us prove (12) . From the vanishing property of a, it is easy to see that supp Ha ⊂ (x 0 , x 1 ). Thus, noticing that x 0 > 0, we have
when q = 1 and p = 1; and
when q = ∞. Thus, (12) has been proved for 1 ≤ q ≤ ∞, and p < q. Thus, we finish the proof of Proposition 1. Proof of Proposition 3 Let H p,q,0 (R + ), then f = i λ i a i where a i are (p, q, 0)-atoms and i |λ i | p < +∞. We know that Ha i is well defined for every i since a i ∈ L q (R + ) with 1 ≤ q < ∞ and (12) holds by Proposition 1. Then 
is well defined for all f = ∞ k=1 λ k a k ∈ H p,q,0 (R + ). Thus, Proposition 2 holds. It is remained to prove (13). For any δ > 0, by (14), there exists i 0 such that
From (13), we see that
By the linearity of H, we have
By Proposition 2 and (16), we see that
From (17), (18), (12) and (15), we have
Let δ → 0, we get that
i a.e.. Thus, we finish the proof of Proposition 3. The proof of Theorem 1 is finished. Proof of Theorem 2 As the proof of Theorem 1, it suffices to prove the following propositions.
Proposition 4 Let 0 < p ≤ 1. We have
be the set of all finite linear combination of (p, q, 0) x p -atoms. From Proposition 4 it is easy to get that Proposition 5 Let p and q as in Theorem 2. Then (7) holds for all f ∈ F H p,q,0
As those discussions in the proof of Theorem 1 we have supp H * a ⊂ (x 0 , x 1 ). Thus,
when q = 1, 0 < p < 1, by (11), we have
and when 1 < q < ∞, 0 < p < q − 1, we see that (p + 1)/q < 1, and then pq ′ /q < 1, by (10) and (11), we have
Thus,(19) has been proved for 1 ≤ q ≤ ∞, and p < q − 1. Proposition 5 follows easily from Proposition 4. Proof of Proposition 6 is same as that of Proposition 3.
Thus, we finish the proof of Theorem 2.
(iii) by the vanishing property of a, we have 
